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Divergence-free condition

e standard Finite Element do not have it!

e pressure-robust method only in a weak sense,
for instance N. Ahmed et al. (2018).

IV(u—up)lliz@) < Wihfg/h IV (u—whp)ll2@) +

Lot 11p— aul
U aneQy P dh L2(Q)
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What is the Virtual Element Method (VEM)?

A generalization of the Finite Element Method introduced in 2013

e general polygonal and polyhedral meshes (also non convex)
e additional interesting features and properties
“Basic principles of virtual element method”

L. Beirdo da Veiga, F. Brezzi, A. Cangiani, G. Manzini, L. D. Marini and A. Russo (2013)
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Stokes and Navier-Stokes problems
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Navier—Stokes 3d

Stokes 3d

% Navier—Stokes 2d
Stokes 2d

start



Talk outline

© Problem definition

© VEM spaces
@ Velocity field virtual space
@ Pressure virtual space

© Problem discretization

@ Numerical examples

© Conclusions
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Problem definition




Proahlem definition

Stokes problem - continuous formulation

We search for a velocity field u and pressure p, such that

—vAu—-Vp = f inQ
diviu) = 0 inQ
u = 0 onodQ

where
e Q be a simply connected domain in R?
o fc[L?(Q)°
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Proahlem definition

Stokes problem - variational formulation

find (u, p) € Vo(Q2) x Q(R2) such that:

/VVu:Vde+/div(v)de:/f-de Vv € Vo(Q)
Q Q Q

/Qdiv(u) qdQ2=0 Vg € Q(Q)
Vo(Q) = {ve[H ()] : v=0o0n0Q}
Q) = {qe [2(Q) : /quQ:O}
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VEM spaces

VAVl G
(.
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VFM snaces

Notation for polygons

polygon E
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VFM snaces

Notation for 2d monomials

Let E C R?, k € N\{0} and & = (1, 2) be a multi-index, we
define the scaled monomials

o (X XE Uy —ye\*?
* he he
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VFM snaces

Notation for 2d monomials

Let E C R?, k € N\{0} and & = (1, 2) be a multi-index, we
define the scaled monomials

o (X XE Uy —ye\*?
* he he

and the vectorial scaled monomials

m}xz[ma] ) mfx:[ 0 ] and mL:[ M(o.1) ]
0 Mg —m(l,o)
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Let E C R?, k € N\{0} and & = (1, 2) be a multi-index, we
define the scaled monomials

m}xz[ma] ) mfx:[ 0 ] and mL:[ mo.1) ]
0 mOL _m(l’o)

o {my} is a basis of Px(E)
e {mi} is a basis of [Px(E)]?
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Polynomial decomposition

It is essential the following property
[Pr(E))? = VPi.1(E) ® x Py _1(E)

where x* := (y, —x)*
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Polynomial decomposition

It is essential the following property
[Pi(E)]? = VPri1(E) ® x Py_1(E)
where x* := (y, —x)?
Then,
Va € [P(E)?  Fqur1 € Prsi(E)\R,  pu—1 € Pe_1(E)
such that

9 = Vaks1 + X pr_i
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Polynomial decomposition

It is essential the following property
[Pr(E))? = VPi 1 (E) @ x Py_1(E)

where x* := (

Y, _X)t
Then,
Va € [P(E)?  Fqur1 € Prsi(E)\R,  pu—1 € Pei(E)

such that

. i ‘\\/‘—/—/
=~ We found a recipe for m,,!! | wﬂ
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Polynomial decomposition

It is essential the following property
[Pr(E))? = VPi 1 (E) @ x Py_1(E)

where x* := (

Y, _X)t

Then, 3&“\ -

Va, € [P(E)? iy € P@
such that Lk‘\'iai@

qi = Vaks1 + X pr_i

We found a recipe for mi!!
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VEM space definition - the plan

e VEM local spaces / i: /

P
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VFM snaces

VEM space definition - the plan

e VEM local spaces
e local projection operators

=
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VEM space definition - the plan

e VEM local spaces /
e local projection operators N
Vi (Q)

e glue spaces
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Velocity field virtual space

VK(E) = {vh € [HYE)N CUE)? : vhle € [Pi(e)]? Ve € OE,
—Av, + Vs € [P_2(E))?, s € LA(E),

diV(Vh) € ]P)k_l(E)}
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Velocity field virtual space

VK(E) = {vh € [HYE)N CUE)? : vhle € [Pi(e)]? Ve € OE,
—Av, + Vs € [P_2(E))?, s € LA(E),

diV(Vh) € ]P)k_l(E)}

e k> 2, sfor k=1 P. F. Antonietti, L. Beirdo da Veiga, D. Mora and
M. Verani (2014)
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Velocity field virtual space

VK(E) = {vh e [HYE)N CO(E)? -

e k>2, sfor k=1P. F. Antoniet #Mora and
M. Verani (2014)

e v, solves a Stokes-like problem
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Velocity field virtual space

VK(E) = {vh € [HYE)N C%E)? : vhle € [Pu(e)]? Ve € OE,
—Av, + Vs € [P_2(E))?, s € LA(E),

diV(Vh) € ]P)k_l(E)}

e k> 2, sfor k=1 P. F. Antonietti, L. Beirdo da Veiga, D. Mora and
M. Verani (2014)

e v, solves a Stokes-like problem

e modify the condition

—Av,+ Vs e []P)k,Q(E)]z

Dep. Math. and App.
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Velocity field virtual space

VK(E) = {vh € [HYE)N C%E)? : vhle € [Pu(e)]? Ve € OE,
—Av, + Vs € [P_2(E))?, s € LA(E),

diV(Vh) € ]P)k_l(E)}

e k> 2, sfor k=1 P. F. Antonietti, L. Beirdo da Veiga, D. Mora and
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e v, solves a Stokes-like problem

e modify the condition

—Av,+Vsc [Py o(E)? = VP 1(E)®x Py 3(E)
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Velocity field virtual space

VK(E) = {vh € [HYE)N CUE)? : vhle € [Pi(e)]? Ve € OE,
—Avy, + Vs € x'Py_3(E), s € L3(E)

diV(Vh) S ]P)k_l(E)}

e k>2 sfor k=1P. F. Antonietti, L. Beirdo da Veiga, D. Mora and
M. Verani (2014)

e v, solves a Stokes-like problem

e modify the condition
—Av,+ Vs e [P o(E)? = VP 1(E)®x Py_3(E)

—Avp,+Vs € XL]P)/(_3(E)

Dep. Math. and App.
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Velocity field virtual space - d.o.f.

VK(E) = {vh € [HYE)N C%E)? : vhle € [Pu(e)]? Ve € OE,
—Avy, + Vs € x'Py_3(E), s € L3(E),

diV(Vh) S ]P)kl(E)}
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Velocity field virtual space - d.o.f.

VK(E) = {vh € [HYE)N C%E)? : vhle € [Pu(e)]? Ve € OE,
—Avy, + Vs € x'Py_3(E), s € L3(E),

diV(Vh) S ]P)kl(E)}

e vectorial values at the vertices
and k — 1 internal nodes
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Velocity field virtual space - d.o.f.

VK(E) = {vh € [HYE)N C%E)? : vhle € [Pu(e)]? Ve € OE,
—Avy, + Vs € x'Py_3(E), s € L3(E),

diV(Vh) S ]P)kl(E)}

e vectorial values at the vertices
and k — 1 internal nodes

e k(k+1)/2 —1 divergence moments |
/ div(vy) mq dE /
E
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Velocity field virtual space - d.o.f.

VK(E) = {vh € [HYE)N C%E)? : vhle € [Pu(e)]? Ve € OE,
—Avy, + Vs € x'Py_3(E), s € L3(E),

diV(Vh) S Pkl(E)}

e vectorial values at the vertices
and k — 1 internal nodes

e k(k+1)/2 —1 divergence moments

/ k=73

/ div(vp) mq dE /

E ,"“J
e (k—1)(k —2)/2 perp moments \\
/(Vh . ml) mﬁ dE s/"j

E
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. € [Pr(e)]? Ve € OE,
+ Vs € x P 3(E), s € L3(E),

]P’kl(E)}

e vectorial values at thg
and k — 1 internal

o k(k+1)/2—1 dj

Not only
polynomials are
in V{(E)
o (k—1)(k
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Projection operator MY

/V Vp — I_IVVh) Vpk dE = 0 Vpk & []Pk(E)]z

/(vh—l'l vh)-pode = 0 Vpg € [Po(E)]?
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Projection operator I’If

/V(v,,— NYvy) : VpdE = 0 Vp, € [Pu(E))?
E

aE(Vh —MYvy)-pode = 0 Vp, € [Po(E)]?

o My(E) = {mi}"_,
° Mo(E) = {ml, MQ}
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Projection operator I’If

/V(v,,— NYvy) : VpdE = 0 Vp, € [Pu(E))?
E

(vi =Y vp)-pode = 0 Vpg € [Po(E))?
OE
o My(E) = {mi}"_,
° Mo(E) = {ml, MQ}

° ﬂfvh =comi +cimi+...+cym,
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Projection operator I’If

/V(v,,— NYvy) : VpdE = 0 Vp, € [Pu(E))?
E

aE(Vh —MYvy)-pode = 0 Vp, € [Po(E)]?

Mi(E) == {mj}i_,

Mo(E) := {my, my}

ﬂfvh =coymq+cmy+...+cym,
conditions according to M (E) and Mp(E)
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Projection operator I’If

[ )
3@_ ﬂ}’h)'Pode = 0 Vpg € [Po(E)]?

o My(E) = {mi}"_,
° Mo(E) = {ml, m2}

° ﬂfvh = comy + cymy + ...+

“/ 'n¥l£PkdE = 0 Vp, € [P(E)P
0®

e conditions according to M (E) &
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Projection operator I’If - Yes we can compute it!

/V(vh—nfvh) :Vm;dE = 0
E
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VFM snaces

Projection operator I’If - Yes we can compute it!

/V(vh—nfvh) :Vm;dE = 0
E

n

F.Dassi et al. Dep. Math. and App.

Div-Free VEM 3d



VFM snaces

Projection operator I’If - Yes we can compute it!

/V(vh—nfvh) :Vm;dE = 0
E

Focus on the virtual part

/Vvh . Vm,-dE
E
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can compute it!

Focus on the virtual part

/Vvh :Vm;dE = —/vh-Am;dE+/ vh-(Vm,-n)de
E E
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can compute it!

/V(vh—nfvh) - Vm;dE = 0

E

ch/ij L Vm;dE = /Vv,, . Vm; dE
E

Focus on the virtual part

/Vvh :Vm;dE = —/vh-Am;dE+/ vh-(Vm,-n)de
E E OE

= —/vh-Am,-dE—i—Z vy (Vmin.)de
E ecHE €
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can compute it!

/V(vh—nivh) :Vm;dE = 0
E

ch/ij L Vm;dE = /Vv,, . Vm; dE
E

j=1 “E
Focus on the virtual part Vi(e)
Vile G[Pk(e)]g
/Vvh:Vm,-dE = —/vh-Am;dE+/ VGG@E)de
E E .
= —/ vy, -Am;dE + Z vy (Vmin.)de
E ecOE "V €
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can compute it!

/V(vh—nfvh) :Vm;dE = 0
E

ch/ij L Vm;dE = /Vv,, . Vm; dE
E

j=1 “E
Focus on the virtual part Vi(e)
Yhle e[P/((rs)]2
/VVh . Vm,dE — VegaE de
E

Z /th -(Vmjn.)de
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Projection operator I’If - Yes we can compute it!

—/ vy Am;dE
E

3
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Projection operator I’If - Yes we can compute it!

—/ vy Am;dE
E

Am; = comq + cgmg + csms + cym,, ‘
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Projection operator I’If - Yes we can compute it!

—/ vy Am;dE
E
Am; = comq + cgmg + csms + cym,, ‘

mg,mg, ms, my € Py_2(E)
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VFM snaces

Projection operator I’If - Yes we can compute it!

—/ vy Am;dE
E
Am; = comq + cgmg + csms + c,m, ‘

mg,mg, ms, my € Py_2(E)

my = cg‘VmC + c,‘;‘mLm,7

me € Pk_l(E) and my € Pk_3(E)
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Projection operator I’If - Yes we can compute it!

/vh-madE
E
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VFM snaces

Projection operator I’If - Yes we can compute it!

/ vh-mgdE = / vh - (c&Vme + c,ol‘mLmn) dE
E E
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VFM snaces

Projection operator I’If - Yes we can compute it!

/ vh-mgdE = / vh - (c&Vme + c,ol‘mLmn) dE
E E

= cg‘/Evh-VmCdE—kc,‘;‘/E(vh-mL)mndE
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Projection operator I’If - Yes we can compute it!

/vh-madE = /vh-(c"/ Lmy,)dE
E E ,E(V”'mi)mﬁdf
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/ vh-mgdE = / vh - (c&Vme + c,ol‘mLmn) dE
E E

= cg‘/Evh-VmCdE—kc,‘;‘/E(vh-mL)mndE

= —cg/div(vh)m¢dE+cca/ (vh-n)mede+ ...
E OE

F.Dassi et al. Dep. Math. and App.

Div-Free VEM 3d



/ vh-mgdE = / vh - (c&Vme + c,ol‘mLmn) dE
E E

= cg‘/Evh-VmCdE—kc,‘;‘/E(vh-mL)mndE

= —cco‘/div(vh)m¢dE+cca/ (vh-n)mede+ ...
E OE

VE(E)

S ) me a
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/Evh-madE = /Evh-(chmC—i-cf,‘mLmn)dE
= cg‘/Evh-VmCdE—kc,‘;‘/E(vh-mL)mndE
= —CC/dIV(Vh)m¢dE+CC/ (vh-n)mede+ ...
OE

= —c¢ /dlv(vh)mCdE—i—cC Z Vi Ne)mede+ ..
ecOE
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/Evh-madE = /Evh-(chmC—i-cf,‘mLmn)dE
= cg‘/Evh-VmCdE—kc,‘;‘/E(vh-mL)mndE
= —CC/dIV(Vh)m¢dE+CC/ (vh-n)mede+ ...
OE

= —c¢ /dlv(vh)mCdE—i—cC Z Vi Ne)mede+ ..
ecOE

VA(E)

Vile € [Pe(e)]?
Ve € OF
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Pressure virtual space and d.o.f.

QFH(E) :={qn : qn € Px_1(E)}
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Pressure virtual space and d.o.f.

QFH(E) :={qn : qn € Px_1(E)}

e no VEM approximation
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Pressure virtual space and d.o.f.

QFH(E) :={qn : qn € Px_1(E)}

e no VEM approximation

® no projection il
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\V/FM cnares
Pressure virtual space and d.o.f.

QFH(E) :={qn : qn € Px_1(E)}

e no VEM approximation

® no projection = N
e k(k+1)/2 moments N k=3
\
A \\\\\
/ qn Mo dE AAAAA
E
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Problem discretization
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Prohlem discretization

Problem discretization

Consider a polyhedral decomposition €24, of €2, then we solve:
find (up, pn) € VK x Q<™ such that

ah(uh , Vh) +/ div(vh) prdQ2y = / fr-vhdQy Vv, € Vﬁo
Q/., Qh

div(up) gndQ2, =0 Yaqn € Q,‘:il
Qy
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Problem discretization

Consider a polyhedral decomposition €24, of €2, then we solve:
find (up, pn) € VK x Q<™ such that

ah(uh , Vh) +/ div(vh) prdQ2y = / fr-vhdQy Vv, € Vﬁo
Q/., Qh

div(up) gndQ2, =0 Yaqn € Q,‘:il
Qy

where

e we define from I'Iy and dofs

ap(+,-) = /Qqu : VvdQ
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Problem discretization

Consider a polyhedral decomposition €24, of €2, then we solve:
find (up, pn) € VK x Q<™ such that

ah(uh , Vh) +/ div(vh) prdQ2y = / fr-vhdQy Vv, € Vﬁo
Q/., Qh

div(up) gndQ2, =0 Yaqn € Q,‘:il
Qy

where

e we define from I'Iy and dofs

ap(+,-) = /Qqu : VvdQ

e f}, is a proper L? projection of f

F.Dassi et al. Dep. Math. and App.
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Prohlem discretization

Defintion of aj(-, -)

Follow a standard VEM approach

an(vh, wp) = Z an,e(Vh, wh)

EcQy

F.Dassi et al. Dep. Math. and App.
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Defintion of aj(-, -)

Follow a standard VEM approach

an(vh, wp) = Z an,e(Vh, wh)

EcQy

where

apne(vp, wp) = /V(I'Ikvvh) : V(I'Ikvwh)dE
E

v v
+se(vy — MY vy, wy — T wy)
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Defintion of aj(-, -)

Follow a standard VEM approach
an(vh, wp) = Z an,e(Vh, wp)
EcQy -
consistency

where

ah,E(Vh, wp) /V(nkvvh) : V(nkvwh)dE
E

+se(vhp — ”l: Vp, Wp — I'Ifwh)
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Defintion of aj(-, -)

Follow a standard VEM approach

an(vh, wp) = Z an,e(Vh, wh)

EcQy

where

apne(vp, wp) = /V(I'Ikvvh) : V(I'Ikvwh)dE
E

v v
+se(vy — MY vy, wy — T wy)

stability

F.Dassi et al. Dep. Math. and App.
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Prohlem discretization

Mixed term

/ diV(Vh) Ph th
Qy

F.Dassi et al. Dep. Math. and App.




Prohlem discretization

Mixed term

/thiv(vh)pthh: > /Ediv(vh)pth
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Prohlem discretization

Mixed term

/ diV(Vh) Ph th =
Qy

> /Ediv(vh)pth

EeQy s —
-?J-R.?ﬁ?mmatian
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Prohlem discretization

Mixed term

/ diV(Vh) Ph th =
Qy

if ppeR

/ div(vh) Ph dE
E
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> /Ediv(vh)pth

EeQy s —
ER?@XEmathn

Ph / diV(Vh) dE
E

ph/ (vhp-n)de
OE

Ph (vh-ne)de
ecOE ¢
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Prohlem discretization

Mixed term

/ diV(Vh) Ph th =
Qy

if ppeR

/ div(vh) Ph dE
E

Vi(E)

Vile € [Py(e)?
Ve € OF
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> /Ediv(vh)pth

EeQy s —
ER?@XEmathn

Ph / diV(Vh) dE
E

ph/ (vhp-n)de
OE

Ph (vh-ne)de
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Prohlem discretization

Mixed term

/thiv(vh)pthh: > /Ediv(vh)pth

EcQy e ———
| there jg nho
if pp € Pr_1(E)\R apwﬁyématio
e e n

/div(vh)pth:chph/div(vh) ms dE
E E
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Prohlem discretization

Mixed term

/thiv(vh)pthh: > /Ediv(vh)pth

EcQy e ———
| there jg nho
if pp € Pr_1(E)\R apm‘m'?matio
LTPVOX n

/div(vh)pth:chph/div(vh) ms dE
E E

s=1

Vi(E)
/ div(vp) me dE
JE
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Numerical examnles

Mesh types

Tetra

Random

F.Dassi et al. . Math. and App.




Numerical examnles

Error norms

o Hl-velocity error:

e = Z IR v“/7Hi2(E) ~
EcQy

o [?—pressure error:

2
e = Z [|p— thL2(E) ~ h"
EeQy

“Divergence free Virtual Elements for the Stokes problem on polygonal meshes”
L. Beirdo da Veiga, C. Lovadina, and G.Vacca (2017)
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Numerical examnles

Example 1: Convergence analysis for Stokes

Let us consider a Stokes problem
—vAu—-Vp = f inQ
diviu) = 0 inQ
u = r ondf)

where the exact solution is

sin(mx) cos(my) cos(mz)
u(x, y, z) == cos(mx) sin(my) cos(mz)
—2cos(mx) cos(my) sin(mwz)

and
p(x, y, z) := —m cos(mx) cos(my) cos(mz) .
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Numerical examnles

Example 1: Convergence analysis for Stokes

1 : 2
H*" error velocity L? error pressure
10° 10°
—HB—cube k=2 —HE—cube k=2
—B—cube k=3 —HB—cube k=3
101 E cube k=4 4 | cube k=4
CVT k=2 10 CVT k=2
CVT k=3 CVT k=3
102 CVT k=4 ] CVT k=4
i Random k=2 = Random k=2
8 —3— Random k=3 © 102 |——Random k=3
= —3— Random k=4 4 = —3¥— Random k=4 4
O 10°%} E 5}
- 3 ~ 3
3
m . . = 10
104 9 2
109 q 10
10 10" -
102 10! 100 102 107 10°

“The Stokes complex for Virtual Elements in three dimensions”
L. Beirdo da Veiga, F, Dassi, and G.Vacca submitted

F.Dassi et al Math. and App
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Numerical examnles

Example 2: Convergence analysis for Navier-Stokes

Let us consider a Navier-Stokes problem

—vAu+uVu—-Vp = f inQ
diviu) = 0 inQ
u = r ondf

where the exact solution is

sin(mx) cos(my) cos(mz)
u(x, y, z) = cos(mx) sin(my) cos(mz)
—2cos(mx) cos(my) sin(mwz)

and
p(x, y, z) := sin(27rx) sin(27y) sin(27z) .

F.Dassi et al. Dep. Math. and App.
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Numerical examnles

Example 2: Convergence analysis for Navier-Stokes

1 .
H* error velocity L? error pressure
10° 10!
—B—cube k=2 —E—cube k=2
cube k=3 cube k=3
E CVT k=2 0 CVT k=2
107 ¢ CVT k=3 1 10 CVT k=3
—3¥— Random k=2 —3¥— Random k=2
k=3 k=3
o
O 102¢ 4 8 107"
£ £
© 3 3} 3
-
ReJRh 2 3 T 102 R
1074E E 102
107 - 104
102 10! 10° 102 107 10°

“The Stokes complex for Virtual Elements in three dimensions”
L. Beirdo da Veiga, F, Dassi, and G.Vacca submitted
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Numerical examnles

Example 3: Benchmark problems

Let us consider a Stokes problem, we have the following estimate
lu—uply S b° F(u; v,y) + B2 H(Fv)

for suitable functions F, H, K independent of h.
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Numerical examnles

Example 3: Benchmark problems

Let us consider a Stokes problem, we have the following estimate
lu—uply S b° F(u; v,y) + B2 H(Fv)

for suitable functions F, H, K inde
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Numerical examnles

Example 3: Benchmark problems

We consider two problems

k x zk—1
u(x,y, z):= kyzk-1 ,
(2 —k)xkK+(2—k)yk—2zF
and 3
pi(x, y, z) := XkY+ykZ+ZkX— ma
or

p2(x, y, z) :=sin(2wx) sin(27wy) sin(27z).

F.Dassi et al. Dep. Math. and App.
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Numerical examnles

Example 3: Benchmark problem, case p;

L? error pressure

MBS0
H* error velocity i %hbgg
k Cube Tetra 5 i
2 | 1.0576e-13 | 7.2075e-13 | © ™" ‘
3| 2.7333e-13 | 1.1927e-12 | ~ w: .
4 | 1.5266e-12 | 2.2718e-10

“The Stokes complex for Virtual Elements in three dimensions”
L. Beirdo da Veiga, F, Dassi, and G.Vacca submitted
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Numerical examnles

Example 3: Benchmark problem, case p;

L? error pressure

—HE— cube k=2 %
—

10!

H* error velocity

< K Flu v, )T

k Cube Tetra ¢

2 [ 1.05760-13 | 7.20756-13 | . |u — Uhlt ~ .
3| 2.7333e-13 | 1.1927e-12 | o e HE!
4| 1.5266e-12 | 2.2718e-10 | |

1C —
10°
h

“The Stokes complex for Virtual Elements in three dimensions”
L. Beirdo da Veiga, F, Dassi, and G.Vacca submitted
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Numerical examnles

Example 3: Benchmark problem, case p;

L? error pressure

—HE— cube k=2 %
—

10!

H* error velocity L+
k Cube Tetra ¢ < K i
2 [ 1.0576e-13 | 7.2076e-13 | © \u — uhlL =
3| 2.7333e-13 | 1.1927e-12 | ™ + h
4| 1.5266e-12 | 2.2718e-10 1

ﬂ\_j,nd f polyrom@©
u 100
h

“The Stokes complex for Virtual Elements in three dimensions”
L. Beirdo da Veiga, F, Dassi, and G.Vacca submitted
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Numerical examnles

Example 3: Benchmark problem, case p;

H! error velocity L? error pressure
10°
—B— cube k=2
—B—cube k=3
1 cube k=4
10 tetra k=2
3 tetra k=3
tetra k=4
o
8 55 102
) 6 6 ] =) 4
10 . )
EC 4 C,\'q 102 3
2
10 -8 4
104
10710 10
102 107! 10° 102 10 10°

“The Stokes complex for Virtual Elements in three dimensions”
L. Beirdo da Veiga, F, Dassi, and G.Vacca submitted
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Numerical examnles

Example 3: Benchmark problem, case p;

H! error velocity L? error pressure
* E’m
—A—-
" 270 s
2 g < K Flu Vs
TS NWIRS
= ! - s+2 H(E: V)
108 4 h H(
10
10710 10
1072 107! 10° i 10V

“The Stokes complex for Virtual Elements in three dimensions”
L. Beirdo da Veiga, F, Dassi, and G.Vacca submitted
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Numerical examnles

Example 3: Benchmark problem, case p;

H! error velocity L? error pressure
100
A

8 5 S Sy
2 S g
jﬂ o° g ] ;6 \u — uh\‘— f:‘)

108 E 4

. ial
1 102 107 10° ‘01 u pO\Ynom 10°
h

“The Stokes complex for Virtual Elements in three dimensions”
L. Beirdo da Veiga, F, Dassi, and G.Vacca submitted
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Conclusions

We presented Virtual Element approach
e for Stokes and Navier-Stokes problems 2d/3d

%+(u-V)u—uV2u:—V"p +g.
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Conclusinns

Conclusions

We presented Virtual Element approach
e for Stokes and Navier-Stokes problems 2d/3d

e div-free property

lu—uply S 0 F(u; v,7) + T2 H(Fv)

H" error velocity

i cube ket
>— ttra ke

H? error velocity 10+
Cube Tetra
1.0576e-13 | 7.2075e-13
2.7333e-13 1.1927e-12
1.5266e-12 | 2.2718e-10

H' error

> W N X

102 101

h

Dep. Math. and App.
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