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Virtual element method (VEM)

e Advantages of virtual elements
o Arbitrary number of nodes
o Non-convex shape
o wuy, only defined at the boundary
o C™-continuous ansatz possible

e Drawbacks:

o Stabilization necessary
o Volume integrals for nonlinear
problems

Aldakheel, Hudobivnik & Wriggers (2019)
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Virtual element method (VEM)

Phasefield solution

e Advantages of virtual elements
o Arbitrary number of nodes
o Non-convex shape
o wy, only defined at the boundary
o (C™-continuous ansatz possible

e Drawbacks:

o Stabilization necessary
o Volume integrals for nonlinear
problems

Aldakheel, Hudobivnik & Wriggers (2019)
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An_engineering view: Observations and Requirements

Bending dominated problems

Cook’s solid
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Element division 2V

@ Coarse mesh accuracy

o Higher order elements
o Special stabliization, see PW et al. 2017

@ Accurate solutions: Adaptivity
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An engineering view: Observations and Requirements
Incompressible solids, Punch problem
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(a) Schematic setup (h) Deformed configuration
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O Locking free elements
@ Mixed Methods
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An_engineering view: Observations and Requirements
Anisotropic solids
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An engineering view: Observations and Requirements

Non-smooth problems, Crystal Plasticity

Force F, (N)
o
&

0.002 0.004 0.006 0.008 0.010

Displacement u, (mm)

Force — displacement plot

Specimen Plot Yace
@ Use low (1°%) order discretization schemes

@ Locking free elements
© Special active set algorithms / regularization schemes
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Advantages of VEM in Engineering Applications

e Fracture: New element shapes can be defined during crack propagation
o Contact: Node-to-node concept can be used for unstructured meshes
e Homogenization: Crystals can be modeled with one virtual element

e Adaptivity: Hanging nodes are consistent with VE ansatz

o Agglomeration: Badly shaped finite elements can be replaced by VE

e Element design: C'-order "FE" can be easily constructed using VEM

e Discrete elements: Flexible particles can be introduced via VEM

8 /38
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Advantages in Engineering Applications

a)

Fracture Mechanics

e New element shapes can be defined during crack propagation
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Advantages in Engineering Applications

Contact Mechanics

e Node-to-node concept can be used for unstructured meshes
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Rotating blocks

Rotating Blocks

o Large rotation of upper block
o Free edges

e Updated "node-to-node” contact
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Contact with VEM in three dimensions

¢ Rotating Blocks, Reaction force

o Comparison of different stabilizations
e 0° —90° 0° — 360°

-0~ DOF stab - a =2
4~ Energy stab - B = 0.4
-0 Weitienfels

~o- DOF stab - a=2 H
~4- Energystab- B=04 & -0.258

0 50 100 150 200 250 300 350
rotation a [degree ] rotation a [degree °]
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Advantages in Engineering Applications

Adaptive Methods

e Hanging nodes are consistent with VE ansatz
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Advantages in Engineering Applications

Virtual plate element = "FEM” plate element

Triangular and quadrilateral virtual plate elements

e EL1: 9 and 12 d.o.fs (const. curvature), (VE-1:T1 and VE-1:Q1)
e El2: 12 and 16 d.o.fs (linear curvature), (VE-2:T1 and VE-2:Q1)
o (Cl-continuity with d.o.fs deflection w and rotations w,, and w,y

e Can be easily integrated in classical finite element codes
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Advantages in Engineering Applications

C"-continuous Kirchhoff-Love shells (Wu, Pimenta, PW 2024)

Shell discretized by flat triangular virtual elements

/N

& (G s &y
O Deflection: 3"%order
@ Rotations around edge: 1°* and 2"¢ order
© In-plane displacements: 1% and 2% order
€ = {3,1,1}, & = {3,2,1},€; = {3,1,2} and &, = {3,2,2}
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Advantages in Engineering Applications

Kirchhoff-Love shell, Cantilever (Wu, Pimenta, PW 2024)
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An_engineering view: Observations and Requirements

Kirchhoff-Love shell, Z-Profil under torsion (Wu, Pimenta, PW 2024)
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Advantages in Engineering Applications

Kirchhoff-Love shell, pinched sphere (Wu, Pimenta, PW 2024)
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Advantages in Engineering Applications

100 polyhedral elements 700 polyhedral elements 7000 polyhedral elements

Homogenization procedures

o Polycrystals modeled with one VE per grain
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stress field
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Engineering Application: VEM for Plasticity
Elasto-plasticity Crystal plasticity

(1,0,10)=0 (W,w)=0

Accs
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0219801
Nin,
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e Low order VEM

e Comparison with FEM (accuracy, efficiency, robustness,...)
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Summary: Observations and Requirements

Implications

Real world problems need coarse mesh accuracy

For non-smooth problems: low order discretization

1% order leads to constant gradients — fast

For smooth nonlinear applications: second order schemes sufficient
Locking free elements (divu =0) — mixed methods

Locking free elements bending — higher order methods

©0006060O0CF0C

Clear choice of stabilization parameters

@ VEM formulations which do not need stabilization
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Virtual element method (VEM)

Vo, = {uh € [Hl(QU)]d . “h|r@ €P,(T)VI. €Ty, Auy € P,,L,Q(Qv)}

e uy defined at the boundary T'.

® wuy, is continuous at all edges T'. € T,

e u; is defined at each vertex X,
vector of all DOF: u, = J7" us

¢ Projection onto polynomial space

IT: Vo, —  [Pu(Q)]
un M(up) = ur

o ur = A[NET =  wu.;=A;NE,
Ny = (1,X,Y,Z, X* XY,...,Z")

e The Question: How to compute A;;
and it dependency on the nodal values

u, — ’ Uy = N'f,(X)IP’uU ?
24/ 38
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Virtual element method (VEM)
General approach to compute the coefficients A;; of u,:

e Mean values of uj, are equal to the mean values u, on element edges

/uﬁdl":/ wy dI’

v v

e Use orthogonality of the gradients of the VEM Ansatz w, to the projection wu,

/ (Vur — V) - VpdQ =0
Qy

e Does not depend on the weak form = valid for small and large strain cases
o Necessary to compute the integrals

1] jQL Vur - VprdQ — Ga

Q fSlv Vuy, - VpP dQ — b(uy,, my)

25 / 38
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Virtual element method (VEM)

e Equation system

Ga=b(u,,m,) = a=G "b(u,,m,)

e Projection for the gradient

Vu, = A VN!(X) = B (X) {;v}

e Complete projection by

/ uﬁdF:/
r r

v v

ny ny

updl = Zuﬂ(Xz):Zul
T 1

which yields the missing constants in A
e Final projection for the displacement

ur = ANK(X) = N (X) P* {“” }

m,
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Virtual element method (VEM)

Construction of weak from and the potential function
e Weak form
a(u,v) = a(un,vp)

with up, = ur + (up — ux) and v, = vx + (Vp — vx)

’ a(un ,Vn) = Geons(Ur , V) + Gstap(Uh — Ur , V, — Vrr) ‘

o Potential Y
U(U) ~ U(Uh) - A Uu(uh)

v=1

with cons stab
Up(un) = U7 (ur) + Uy (un — ux)
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Mixed virtual element
Hu-Washizu in pressure and dilatation

-

Us™ (ur 0r,p) = [ [0 () + W7 ur 07 ,p2) + 07 (0)] d
Qy

Consistency part

with T (uy) g ([Jg(uﬁ)]_é tr[be (ur)] — 3)

U (wr , Or , pr) = pr[Je(tn) — O]
Tiil(Q,) = %91 —1-2mm6,)

stabilization only necessary for U%° ().
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Virtual element method (VEM)

Matrix formulation, 1°! order

e Ansatz functions w, — linear, ©, ,p, — constant
e Deformation gradient: F, =1+ Vxu, =1+ IB%,Ir u, — constant

o Left Cauchy-Green tensor: = b,(u,) = F,FT — constant

. . 1
e Jacobi determinant: J. = Jy =wy / Qu, |wy = / (X 4+ up) - ny dy
Ndim J,
e Define ug = {u1,uz,... ,unv,0x,px}
e Hu-Washizu principle

UEO"’LS (uﬂ' ) eﬂ 7p7\') - [\Piso(uﬁ) + \Ilpe(uﬂ ) @‘" 7p7\') + \I}dil (97")] Q'U
e Element residual and tangent follow automatically by employing AceGen:

Riclons _ Qv 8Z{\II(UE) and K%DJLS _ 0Rv (uE)
duE 8UE

29 / 38
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15! order virtual element
Clamped patch (Bohm et al. 2023)
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Virtual element method (VEM)

Matrix formulation, 2"¢ order

e Ansatz functions w, — quadratic

e Define ug = {u1,uz,... ,upv,mi,... ,mun}

e Deformation gradient: F, =1+ Vxu, =1+ Bfr(X) ug
e Right Cauchy-Green tensor: = C,(ug) = FL F,

e Jacobi determinant: J, = det F',,

e Potential

U™ (un) = /\I/(uﬂ)dQ
Qs

e Strain energy function, Neo Hooke

U(u,) = %(Jf —1-21InJ,)+ g(trCU —3-21InJ,)
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Virtual element method (VEM)

2" order virtual element

® Vertix and edge values
® Face monents
© Bulk moments

o Integration of potential using subtriangularization
e Element residual and tangent follow automatically by employing AceGen:

R::}ons _ Q'u 82 \IJ(uE) and K%DJLS _ aRv (UE)
8uE 8UE
e Stabilization using dofi-dofi with
R s
97 [ocoC
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Block under compression (Xu, Fan, PV
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2nd grder virtual element

Torsion of a column (Xu, Fan, PW 2024)
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2nd grder virtual element

Torsion of a column with slits (Xu, Fan, PW 2024)

35 /38




. Institut fiir
Iﬁ m Kontinuumsmechanik Virtual elements for solids - an engineeringP pters\gve.ctive
eter Wriggers

2nd grder virtual element

Stresses in a cracked pipe (Xu, Fan, PW 2024)
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24 order virtual element
Deformation of a thick shell (Xu, Fan, PW 2024)

Load factor A

polyhedral mesh

hexabedral mesh

0 20 10 60 80 100
Displacement 1, of point A
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